that if G is a twin-free graph of order n without isolated vertices, then γ L (G) ≤ n 2 . We prove the conjecture for cubic graphs. We rely heavily on proof techniques from matching theory to prove our result.
Introduction
A dominating set in a graph G is a set D of vertices of G such that every vertex outside D is adjacent to a vertex in D. The domination number, γ(G), of G is the minimum cardinality of a dominating set in G. The literature on the subject of domination parameters in graphs up to the year 1997 has been surveyed and detailed in the two books [10, 11] . In this paper, we focus our attention on a variation of domination, called location-domination, which is widely studied in the literature. A locating-dominating set is a dominating set D that locates all the vertices in the sense that every vertex outside D is uniquely determined by its neighborhood in D. The location-domination number of G, denoted γ L (G), is the minimum cardinality of a locating-dominating set in G. The
The same authors prove Conjecture 1 for graphs without 4-cycles (which include trees) and for the class of graphs with independence number at least one-half the order (which includes bipartite graphs). In [8] , the authors provide several constructions for twin-free graphs with locationdomination number one-half their order. The variety of these constructions shows that these graphs have a rich structure, which is an indication that the conjecture might be difficult to prove. Further support is given to the conjecture in [8] where it is proved for split graphs and co-bipartite graphs, and in [7] where it is proved for line graphs. The following theorem summarizes the known results about Conjecture 1.
Theorem ( [8, 9, 12] ) Conjecture 1 is true if the twin-free graph G of order n (without isolated vertices) satisfies any of the following conditions.
(a) ( [9] ) G has no 4-cycles.
(b) ( [9] ) G has independence number at least n 2 . (c) ( [9] ) G has clique number at least ⌈ n 2 ⌉ + 1. (d) ( [8] ) G is a split graph or a co-bipartite graph. (e) ( [7] ) G is a line graph. (f) ( [12] ) G is a cubic claw-free graph.
In this paper, we continue to advance the study of the conjecture by proving it for the class of cubic graphs, as stated in our main theorem: Theorem 2. If G is a cubic twin-free graph of order n, then γ L (G) ≤ n 2 .
The proof of Theorem 2 extensively uses matchings in graphs. We start by giving graph theory definitions and notations in Section 2, and we prove Theorem 2 in Section 3.
Definitions and notation
For notation and graph theory terminology, we in general follow [10] . Specifically, let G be a graph with vertex set V (G), edge set E(G) and with no isolated vertex. The open neighborhood of a vertex v ∈ V (G) is N G (v) = {u ∈ V | uv ∈ E(G)} and its closed neighborhood is the set N G [v] 
we simply say that u is located by D. For k ≥ 1 if X is a set of vertices in G and x ∈ V (G) \ X, then the vertex x is said to be k-dominated by X if x has exactly k neighbors inside X; that is, |N (x) ∩ X| = k.
A set S is a locating set of G if every two distinct vertices outside S are located by S. In particular, if S is both a dominating set and a locating set, then S is a locating-dominating set. Further, if S is both a total dominating set and a locating set, then S is a locating-total dominating set (where S is a total dominating set of G if every vertex of G is adjacent to some vertex in S). We remark that the only difference between a locating set and a locating-dominating set in G is that a locating set might have a unique non-dominated vertex.
An independent set in G is a set of vertices no two of which are adjacent. Two distinct edges in a graph G are independent if they are not adjacent in G (i.e., the two edges are not incident with a common vertex). A set of pairwise independent edges of G is called a matching in G. A matching of maximum cardinality in G is called a maximum matching in G. The number of edges in a maximum matching of a graph G is called the matching number of G, denoted by α ′ (G). Let M be a specified matching in a graph G. 
Proof of Theorem 2
In this section, we present a proof of Theorem 2. Our proof relies heavily on matching theory in graphs. We begin with some useful definitions and lemmas related to matchings.
Useful definitions and lemmas
We shall need the following theorem of Berge [1] about the matching number of a graph, which is sometimes referred to as the Tutte-Berge formulation for the matching number. Recall that oc(G) denotes the number of odd components in a graph G. 
We shall also need the following structural result about maximum matchings in graphs which is a consequence of the proof of the Tutte-Berge Formula.
Theorem 4. ([1] ) Let G = (V, E) be a graph and let X be a proper subset of vertices of G such that (|V | + |X| − oc(G − X))/2 is minimum. If M is a maximum matching in G, then |M | = (|V | + |X| − oc(G − X))/2 and there are exactly oc(G − X) − |X| vertices that are M -unmatched. Furthermore, if M X is the subset of edges of M that belong to G − X, then every vertex in G − X is M X -matched, except for exactly one vertex from each odd component of G − X. If U denotes this set of oc(G − X) vertices that are M X -unmatched, one from each odd component of G − X, then X is M -matched to a subset of vertices in U .
The structure described in Theorem 4 is illustrated in Figure 1 . Figure 1 : Example of the structure of a graph with maximum matching M (thickened edges) with respect to a given set X.
Definition of the set D G (M ). Let G be a graph and let M be a maximum matching of G. We define D G (M ) to be the collection of all sets D such that the following holds:
• For every edge uv ∈ M , if exactly one of u and v has a neighbor that is M -unmatched, then the vertex in {u, v} with an M -unmatched neighbor belongs to D.
• For every edge uv ∈ M , if neither u nor v has an M -unmatched neighbor or if both u and v have a (common) M -unmatched neighbor, then exactly one of u and v belongs to D.
If the graph G is clear from the context, we simply write
Definition of a D-bad pair. Given a set D ⊆ V (G), we define a D-bad pair of vertices as two vertices in V (G) \ D that are not located by D. If the set D is clear from the context, we simply write that a pair of vertices is a bad pair rather than a D-bad pair.
In our proof, we will use the following lemmas.
Lemma 5. Let G be a cubic graph, let M be a maximum matching of G, and let D ∈ D G (M ). Then, D is a dominating set of G, and each M -unmatched vertex is dominated by at least two vertices of D.
Proof. It follows readily from the two properties of sets D ∈ D G (M ), that every M -matched vertex is dominated by D. If x is an M -unmatched vertex, then since G is cubic, the vertex x is adjacent to two M -matched vertices that are incident with distinct edges, e 1 and e 2 say, of M . Hence, by the construction of D, the set D contains a neighbor of x incident with e 1 and a neighbor of x incident with e 2 . Thus, x is dominated by at least two vertices of D. Suppose that both x and y belong to
But then the vertex that is M 0 -matched to v belongs to D 0 , implying that v would be 3-dominated by D 0 , contradicting Lemma 6. Hence, v ∈ V (C u ). If v is matched to neither x nor y by M 0 , then, once again, v would be 3-dominated by D 0 , a contradiction. Hence, v is M 0 -matched to either x or y. Renaming x and y if necessary, we may assume that xv ∈ M 0 , and so v = x ′ . If u and v are adjacent, then u and v would be closed twins, a contradiction. Hence, u and v are not adjacent. The third neighbor of u, different from x and y, is therefore the vertex y ′ that is M 0 -matched to y (for otherwise, by the definition of D G (M ), u would be 3-dominated, a contradiction). We now consider the set
We note that y and y ′ have a common M 0 -unmatched neighbor, namely u,
. Suppose there is a vertex z different from u that is adjacent to both x and y ′ . Then, z is either in X or in C u . In both cases, z is M 0 -matched. If z = v, then u and z are open twins, a contradiction. Since N (y) = {u, v, y ′ } while z is adjacent to x, we note that z = y. Therefore, z / ∈ {v, y} and the M 0 -matched neighbor of z is in D ′ , implying that z Suppose that exactly one of x and y belong to C u . Renaming x and y if necessary, we may assume
′ , and so v is M 0 -matched to x. Since u is 2-dominated by D 0 , the vertex u is adjacent to either v or y ′ . Since y ′ belongs to a component of G − X different from C u , the vertex u is adjacent to v. But then u and v are closed twins, a contradiction.
Therefore, both x and y belong to X. This implies that u, x ′ and y ′ belong to three different components of G − X. In particular, u is adjacent to neither x ′ nor y ′ , implying that the third neighbor of u different from x and y is an M 0 -matched vertex and therefore belongs to the set D 0 by the construction of sets in D G (M 0 ). Thus, u is then 3-dominated by D 0 , a contradiction. This completes the proof of the lemma.
Note that in any cubic twin-free graph G, every 4-cycle is an induced 4-cycle. The following structure will play an important role in our proof.
Definition of a bad
Given two bad (D, M )-matched 4-cycles, A and B, we say that A is dependent on B via the vertex u
respectively. An illustration is given in Figure 2 . We note that if A is dependent on B, then u B is 3-dominated by D. Given a rooted tree T with root r, by an orientation of T we mean orienting every arc of T from a parent to its child.
Proof of Main Result
We are now in a position to prove our main result, namely Theorem 2. Recall its statement.
Proof of Theorem 2. Among all maximum matchings M of G and all sets D ∈ D G (M ), we choose the matching M 0 and the set D 0 ∈ D G (M 0 ) so that the number of D 0 -bad pairs is a minimum. Let X be a proper subset of vertices of G such that (|V |+ |X|− oc(G− X))/2 is minimum. The structure of the graph G with respect to the matching M 0 and the set X is described in Theorem 4.
We now describe the structure of D 0 -bad pairs: (a) For every 4-cycle C ∈ S u,v and every vertex x ∈ {u
is an oriented tree rooted at R. 
We proceed further with the following series of subclaims.
Claim A.1. The following holds.
(
, then the only D u -bad pair that is not a D 0 -bad pair is {u ′′ , z} for some vertex z. Moreover, u ′′ and z are part of a bad (D 0 , M 0 )-matched 4-cycle C of G, and C uv is dependent on C via the vertex u ′ .
Proof of Claim A.1. By definition of the sets in the family Suppose that u ′ is not located by D u from some other vertex outside D u . Then, this vertex must be x, the neighbor of u not on C uv . Considering the D u -bad pair {u ′ , x}, and noting that u ′ and x are 2-dominated by D u , we deduce that u ′′ ∈ D u . If x is M 0 -unmatched, then by the definition of D G (M 0 ), we would have u ∈ D 0 and u ′ / ∈ D 0 , a contradiction. Hence, x is M 0 -matched and its matched neighbor is in D u . Since x is 2-dominated, we have xu ′′ ∈ M 0 . We now consider the maximum matching 
, we note that w and t are the two common neighbors of u ′′ and z in D u . Thus, the 4-cycle C: ( For Part (c), suppose to the contrary that
By Part (a), we know that R has in-degree 0 and therefore cannot belong to this cycle. However, there is a (directed) path from R to every other vertex in − → G (S u,v ). Among all vertices in the directed cycle C, let C i be chosen so that the distance from R to C i in − → G (S u,v ) is a minimum where i ∈ [k]. Let P be a shortest (directed) path from R to C i in − → G (S u,v ) and let B be the vertex that immediately precedes C i on the path P (possibly, B = R). Since the distance from R to B in − → G (S u,v ) is less than the distance from R to 
(a) The structure around the D0-bad pair.
(c) The modification of D0 around {uR, vR} when associating it with the leaf C5 of − → G (Su R ,v R ). The vertices of each circled pair get swapped in D0. C , respectively, with the pair {u, v}, and we write f (u, v) = {u ′′ , v ′′ }. Let V * be the set of all M 0 -unmatched vertices associated with some D 0 -bad pair. We define the (multi)graph G * on the vertex set V * by adding an edge joining u ′′ and v ′′ for each D 0 -bad pair {u, v} such that f (u, v) = {u ′′ , v ′′ }. As remarked earlier, the vertices u ′′ and v ′′ are distinct, implying that G * has no loops (although it may have multiple edges), no isolated vertices, and is subcubic (that is, has maximum degree at most 3). Our aim is to add at most |V * |/2 vertices to D 0 and to locally modify D 0 around the D 0 -bad pairs in order to obtain a locating-dominating set, D ′ , of cardinality
We now describe the construction of such a set D ′ . Let D * be a minimum dominating set of G * . Since G * has no isolated vertex, |D * | ≤ |V * |/2. Since G * has maximum degree at most 3 and since every vertex outside D * is adjacent to at least one vertex of D * in G * , we note that G * − D * has maximum degree at most 2. We now build a locating-dominating set from D 0 by adding D * to D 0 and by propagating modifications of D 0 along the oriented trees associated with all D 0 -bad pairs. More precisely, we perform our propagation as follows.
Step 1 Claim C implies that there is no (D ′′ ∪D * )-bad pair. Thus, the set D ′′ ∪D * is a locating-dominating set of G. Therefore,
This completes the proof of Theorem 2.
Tight examples
We remark that the prisms C 3 ✷ K 2 and C 4 ✷ K 2 (shown in Figure 4 (a) and 4(b), respectively) have location-domination number exactly one-half their order. However, it remains an open problem to characterize all twin-free cubic graphs G of order n that satisfy γ L (G) = n 2 . Note that the prisms C k ✷ K 2 for k ≥ 5 do not belong to this family.
(a) C 3 ✷ K 2 (b) C 4 ✷ K 2 Figure 4 : The prisms C 3 ✷ K 2 and C 4 ✷ K 2 .
Conclusion
We conclude the paper with several intriguing open problems and questions that we have yet to solve.
Problem 1.
Characterize the extremal graphs that achieve equality in the bound of Theorem 2; that is, characterize the connected twin-free cubic graphs having location-domination number exactly one-half their order.
Problem 2. Determine whether the result of Theorem 2 can be strengthened by proving Conjecture 1 for subcubic graphs.
Problem 3. Determine whether Theorem 2 can be extended to connected cubic graphs in general (allowing twins) with the exception of a finite set of a forbidden graphs. Two such forbidden graphs are the complete graph K 4 and the complete bipartite graph K 3,3 , but it is possible that these are the only two exceptions. Proving this would still be weaker than proving the conjecture of Henning and Löwenstein [12] that every cubic graph different from K 4 and K 3,3 has a total locating-dominating set of size at most one-half its order.
Problem 4. Determine whether every connected twin-free cubic graph G satisfies γ L (G) ≤ α ′ (G). More generally, determine classes of twin-free graphs G satisfying γ L (G) ≤ α ′ (G). We remark that Garijo et al. [9] proved that every nontrivial twin-free graph G without 4-cycles satisfies γ L (G) ≤ α ′ (G), and therefore Conjecture 1 holds for these graphs.
